MUMBAI UNIVERSITY

SEMESTER 1
APPLIED MATHEMATICS SOLVED PAPER — MAY 2018

N.B:- (1) Question no. 1 is compulsory.
(2) Attempt any 3 questions from remaining five questions.

Q.1(a) If tan g = tanh g, show that u = log[(tan(g + g))]

Ans: Given that: tan g = tanh%

Z=tanh [ tan 7]
2 2

~u=2tanh™1[tan 7]
2

By using Inverse hyperbolic function,

1+tang
=log[——
1—tan§
1+tan> ZitanZ
But 2 -4 _2_1tan(>472)
1—tan§ 3 tans 4 2
~ u= log [(tan(g + g))] Hence proved.

(b) Prove that the following matrix is orthogonal & hence find A~ 1.

X -2 1 2
A =§ 2 2 1]
L1 -2 2
-2 1 2]
Ans : let A= -| 2 2 1
[ 1 -2 2

Transpose of A is given by,

-2 2 1
AT=§[1 2 —2]

2 1 2

[3]

3]




2 1 21[-2 2 1

A.AT—%Z 2 1”1 2 —2]

1 -2 2ll2 1 2
oo
=5010]
0 0 1

I

)
The given matrix A is orthogonal.
The inverse of an orthogonal matrix is always equal to the

Transpose of that particular matrix.

-2 2 1
A‘1=§[1 2 —2]
2 1 2

(c) State Euler’s theorem on homogeneous function of two variables
ou
ay

[3]

x+ ou
> 2 then evaluate x -ty

&if u= >
X +y
Ans: Euler’s theorem : If a function ‘v’ is homogeneous with degree ‘n’ then
du du
XE + yg =n.u
_ xty
Let = Ziy?

Putx=xt andy=yt

Flx,y) = (xt;;:gt)Z: % [xjiiz]
=t 1. f(u)
Hence the given function ‘u’ is homogeneous with degree n=-1
ey
ox ay
Xty o=l




_ 22 2. . d(uv)
(d) fu=1r“cos 20,v = r<sin 280. Find 30" [3]

Ans : u=r%cos 20 v =1r%sin 260

Diff. u and vw.r.t rand 0@ partially to apply it in jacobian

duy) _ |Ur u9| _|2rcos26 -2r*sin26
are) 1Vr Vol |[2rsin20 2r%cos?26
= 413c05%?20 + 4r3sin?260
= 413(cos?20 + sin?20)
a(u,v) — 4-1"3
ar0)

(e) Find the nth derivative of cos 5x.cos 3x.cos x. [4]

Ans: let y = cos 5x.cos 3x.cos x

cos (5x—3x)+cos (5x+3x) 1
. COS X { cos A.cosB=_[cos (A + B) + COS (A - B)]}

[ cos 2x.cos x + cos 8x.cos x |

= N =

y= - [cos3x+ cos x + cos 9x + cos 7x]]

Take n th derivative,

n th derivative of cos (ax + b) = a™cos (nz—” + ax + b)

Vp = i [3"cos (nz—n + 3x) + cos (nz—n + x) + 9"cos (nz—” + 9x) + 7"cos (? + 7x)]

. 2x+1 1
(f) Evaluate : &1_1)1(}( )" [4]
. 2x+1t
Ans: let L= 5611{)1( 1 )x

Take log on both sides,




1, 2x+1

log L = lim £ (2

. 2x+1

- kl_l)l(}( x2+x)
Apply L'Hospital rule,

. 2
logL = !}l‘(} 2x+1)
logL = 2
L=e?

Q.2(a) Solve x*—x3+x2—x+1=0.
Ans: xt—x3+xt-x+1=0
Multiply the given eqn by (x+1),
+D)(x* —x3 + 22 —x +1)=0
x° = (-1)
But -1=cosm+isinm
v x = [cos  + i sin m]/>
But By De Moivres theorem,
(cos x + isinx) "= cosnx + i sin nx
X = cos§+ ising
Add period 2k,
x = cos(1 +2k) < + isin(1+2k);
Where k =0,1,2,3,4.
The roots of given eqn is given by,
Put k=0 x,= cos§+ isin% = e™/5

3n ., . 3m
k=1 x; =cos—+isin_= e37/5

[6]




(3 . . 1T
k=2 x; =cosT+isin_= e™/1

7 , . I
k=3 x3=cos_+isin_= e’™/>

ot . . 9
k=4 x4 =cos_+isin_= e7/>

The roots of eqn are : e™/>,e3™/5 e™/1 7m/5 97/5,

(b) If y=e "% Prove that

(14 x)ynsz + 2+ Dx — 1]ype + n(n + Dy, =0 [6]
Ans: y=etan ' —)
Diff. w.rit x,
yy = et x L
2+ 1y, =ea™ ' X*=y (from 1)

Again diff. wr.t x,
X2+ DY, +2XY1 = V1 e (D
Now take n th derivative by applying Leibnitz theorem,
Leibnitz theorem is:
(uwv), = u,v + jCu,_1v{ + HCu,_,v, + -+ uv,
u = (x%2 + 1),v = y, ..for first term in eqn (1)
u=2x,v=y ...for second term in eqn (1)

(1 + xz)yn+2 + 2(11 + 1)xyn+1 + n(n + 1)yn —Yn+1 = 0

A+ xD)y+t2m+ Dx— 1]y +n(n+ 1)y, =0

Hence Proved.




(c) Examine the function f(x,y) = xy(3 — x — y) for extreme values &

find maximum and minimum values of f(x, y). [8]
Ans: fxy) =xy3 —x—y) =3xy — x*y — xy*
Diff. function w.r.t x and y partially,
@Y _ oo 2 FEY) _ o 2
5 — Y " 2xy-—y PV 3x —x* —2xy
of(xy) _ of xy) _
ax 0 ady =0

3y—2xy—y*=0 & 3x—x*-2xy=0

y=0, 3-2x-y=0 & x=0,3-x-2y=0
Stationary points are : (0,0),(3,0), (0,3),(1,1)
_9F_ A
r=—5=-2y , t_ayz_ 2x
_f oo
S = oxy 3—-2x—2y

s? =(3-2x-2y)?
rt-s?=4xy-(3 — 2x — 2y)?
For point (0,0), rt-s2 =-9 < 0
The point is of maxima.
For point (3,0), rt-s?=-9<0
The point is of maxima..
For (0,3), rt-s2=-9<0
The point is of maxima.
For point (1,1), rt-s>=3>0
The point is of minima.

(a) Maximum values : At (0,0), (0,3), (3,0)
At point (0,0) f(max)=0




At point (0,3) f(max)=0

At point (3,0) f(max)=0
(b) Minimum values : At (1,1)

At point (1,1) f(min)=1

The maximum and minimum values of function are 0 and 1.

Q.3(a) Investigate for what values of u and A the equation x+y+z=6;
X+2y+32=10; x+2y+Az=u have

(i)no solution,
(ii) a unique solution,
(iii) infinite no. of solution. [6]

Ans: Giveneqn: x+y+z=6 , x+2y+3z=10, x+2y+Az=u

AX=B
1 1 1|x77[6
1 2 3||y|=|10
1 2 Altzl L u
1 1 1,6
Argumented matrixis: |1 2 3| 10
1 2 A u
RZ _Rli
1 1 1 6
- 01 2 4
0 1 A—-1, u—6
R3 _Rz,
1 1 1 6
- 01 2 4
0 1 A-3| u—-10

() WhenA=3,u + 10 thenr(a)=2,r(A:B)=3
r(A)J=r(A:B)




(ii)

(iii)

(b) Ifu = f(yx

Ans : let
dx

ou
dy

du

ou _

E_

Hence for A=3, u # 10 system is inconsistent.

No solution exist.

When A#3,u # 10, r(A) =r(A: B) =3
Unique solution exist.

WhenA=3,u=10 r(A)=r(A:B)=2<3
Infinite solution.

a 2 du 2 au
show that x%2 — + y? — +z = 0. 6
) ax y az [ ]
u = f(r,s)
—-x zZ—Xx
= y— SHS=—
xy Xz
Quor  Ouds _oul  gu -1
drdx Odsdx Orx%  9s “x2
_uor | ouwds _ u(h  ou o
~ or dy 0ds dy ar y?2 6s
du or duds _ ( ) 6u 1
ardz dsdz s 22
du du du Ju ou du du
=4yt — = =
ox ady dz Or as ar ds

Hence proved.

Ans :

(c) Prove that Iog(Zt—iZFZitan

—1b a+ib, _a%*-b?
- & cos [i Iog( ] —a2+b2 [8]
let L=log(>—)

Using logarithmic properties,

L = log(a+ib) — log(a-ib)

= % log(a? + b? ) +i. tan‘lg— [% log(a? + b?)-i. tan‘lg ]




L = 2itan~12
a

a+ib . _1b
—) = 2itan"1- Hence Proved.
a—ib a

log(

a+ib 2itan—12 _1by .. _1b
w —— = e“'"™ “=cos(2tan"15) +isin(2tan"1-)
a—ib a a

a+ib a+ib _1b . . _1b

— X —— = cos (2tan~ 1 -) + isin(2tan™1>)

a—ib a+ib a a

2 2

a“—b , , —1by .. -1 b
+ imaginary =cos (2tan™ " -) +isin(2tan™ " -

a2+b2 g y ( a) ( a)

Separate real and imaginary parts

2 2
-1 b a“-b
cos (2tan ") =
( a’  a?+b?
From 1 result,
. a+ib, a*-—b>
cos [i Iog(a_l,b] ==z Hence Proved.

Q.4(a) ifu= sin‘l(%), Prove that

2 2 __ —sinu.cos2u
X Uy + 2XY ULy, + YUy, = — —o— [6]

Ans : u= sin‘l(\/;::\}};)

Put x=xt andy =yt to find degree.

wussin~! (X
T Vxt+ [yt

. x+y 1
“ SINU = tl/z.m = tZ-f(X,)’)

The function sin u is homogeneous with degree %.

But sin u is the function of u and u is the function of x and y.




By Euler’s theorem,

xu, +yu, = G(u) = n.%= %tanu

S XUy + 2XYUL, + ViU, = GG (1) — 1]

sec?u—2
]

= Ltan uf
2

tan®u—1

|

=

= —tanu|

sinu [sinzu—coszu

1
—_ X >
4 cosu cos“u

]

2 2 _ —sinu.cos2u
X Uy + 2XYUy, + YUy, = acou

Hence Proved.

(b) Using encoding matrix [(1) ﬂ encode and decode the message

“ALL IS WELL” . [6]
. .1 1
Ans: Let encoding matix A = [0 1]

The message is ALL IS WELL and Let B is the matrix in number form,

B=[1 12 9 0 5 12
12 0 19 23 12 O

A'B=[(1) ﬂ [112 102 199 203 152 102

13 12 28 23 17 12]
12 0 19 23 12 O

The encoded message is given by,

c-|

1312120281923231712120

“MLL ASWWQLL “




Inverse of encoding matix A = [(1) ﬂ is given by,

[ —1”13 12 28 23 17 12
0 19 23 12 O

Decoded matrix is given by,

B=A_1C_[1 ] 13 12 28 23 17 12
7o

19 23 12 0

[1 12 9 0 12]
12 0 19 23 12

B =

(c) Solve the following equation by Gauss Seidal method :
10x; + x, + x3 = 12
2x1 +10x; + x3 =13
2xq + 2x, + 10x3 = 14 [8]

Ans: By Gauss Seidal method ,
Given eqn: 10x; + x, + x3 = 12
2x; +10x, +x3 = 13
2x, + 2x, + 10x3; = 14
Fromgivenegqn: |10]|>|1]|+]|1]
[10]>]2]+[1]
[10]>|2]+]2]
The given eqn are in correct order.

112 — x; — x3]

Ny —
17 10

1
S X = E [13 — le — x3]




oy = o [14 — 225 — 2]
1) For 1*iteration: takex, =0,x;3 =0
xy =—[12] = 1.2
x1=1.2,x3=0 gives x, =1.06
x1=1.2,x, =1.06 gives x3 = 0.948
1) For 2" iteration : take x, = 1.06,x; = 0.948
X, = % [12 — 1.06 — 0.948] = 0.9992
x4 =0.992,x3 = 0.948 gives x, = 1.0068
x4 =0.992,x, = 1.0068 gives x3 = 1.0002
)  For3"iteration: x, = 1.0068,x; = 1.0002
x; = —-[12 — 1.0068 — 1.0002] = 0.9993

x; = 0.993,x; = 1.0002 gives x, = 1.00
x;=0.993,x, =1.00 gives x3 =1.00

Result : X1 = 100, Xy = 100, X3 = 1.00

Q.5(a) Ifu = ev*f (g) where f(%) is an arbitrary function of %

u Ju Ju Ju
Provethat.xa+z£—ya—y+z£—nyz.u [6]

Ans: let % =w ~u=eY: f(w)

Diff. u w.r.t. x partially,

% i f(w) + f(W). €. yz

Diff. u w.r.ty partially,

Z_: =e’f'(w)+ f(w).eV*. xz




Diff. u w.r.t y partially,

3—: =e’f'(w) + f(w).e*. xy

Xg—z + Zg—: = xeVZf' (W) + f(W). e xyz + ze™*f'(w) + f(w).e*%. xyz

yz_;l + ZZ—: = }’exny' (W) + f(W) exyz, Xyz + Zexyzl:r(w) 4+ f(W) exyz.xyz

From (1) and (2),

Ju u Ju Ju
X—+z—=y—+z— = 2xYyZ. Hence Proved.
w25, =Y P tz XyzZ.u ence Proved

(b)Prove that sin®@ = —[sin 56 — 5sin 30 + 10sin 6]

. . 1 . .
Ans : let x=cos @ + isin 6 Pl cos O —isin O
1 . 1 1
2cos0=x+- sin 0 =—(x—"-)
X 2i X

Forsin O take fifth power on both sides,
S0 =L (x=-H15=Ls_L_5(3-_1 1_1
sin°0 = [Zi (x x)] =3 [x = 5 (x x3) + 10(x I ]

But x" =cosnO@ +isinn@ , x "™ =cosnf—isinnb
x*"—x" =2isinnb

sin®0 = ﬁ[Zisin 50 — 5 x 2isin 30 + 10 X 2isin 0 |

sin®0 = % [sin 50 — 5sin 30 + 10sin 0]

(c) i) Prove that log(sec x)=% x? + 1—12x4 + o

ii) Expand 2x3 + 7x* + x — 1 in powers of x — 2.
Ans: (i) Let E= log (secx)

= -log (cos x)

(1)
(2)

[6]

[8]




= -Iog{l-(’;—j—z—f)]

(D)D)

E = log(secx) = %xz + %x4+..

(i) let f(x)=2x3+7x* +x—1

Here a=2
fX)=2x3+7x*+x—-1 f(2) =45
fl(x) =6x*+14x +1 f'(2)=53
£ = 12x + 14 £'(2) = 38

£ = f(2) = 12

Taylor’s series is :
fx)=f(a)+ (x—a)f' (a) + %f”(a) F e

—2)2 3

2x3+7x*+x—1 = 45+53(x—2)+19(x — 2)%2 + 2(x — 2)3

I . 6
Q.6(a) Prove that sin~!(cosec ) = g +i.log(cot E)
Ans: we have to prove this sin™!(cosec ) = g +i.log(cot g)

. T 6
(cosec 0) = sin| St log (cot E)]

R.H.S

= sin[> +i.log (cot g) ]
= cos [i.log (cot g)]

= cos hlog (cot g) .......... { cosix=cos hx }

[6]

......... { sin (g + x)=cos x }




0
= %[e"’g(“’t 2) + e""g(“’ti)] ........... { cos hx = % [e* + e ]}
1 6 1
= 3 [cot 5t cotg]
_ 1 6 29
= jtan [1+ cot 2]
= Yian ® szEmszg] ........... {tang =222-_1
2 2 sin2= cosf® coté
.0
_ 1 % sin; 1
27 cos? sinzg
!
"~ sin®
=cosec0 = LH.S
. T . (7]
=~ (cosec 0) = sm[; +i.log (cot E)
» sin"1(cosec 0) = g +i.log(cot g) Hence Proved.
1 2 3 2
(b) Find non singular matrices Pand QsuchthatA=|2 3 5 1 [6]
1 3 4 5
1 2 3 2
Ans : A=|2 3 5 1
1 3 4 5

For PAQ form,

A=1I3,3.43x4 -I343

1 2 3 211 0 0 (1)‘1’83
2351]=010A0010
1 3 4 5l lo o 1l [;,,;

R; — 2R;,R3 — R4,




1 2 3 2 1 0 0
0 -1 -1 -3|=(-2 10
1 3 —

0 -1 1 0 1

C,—2C;C3 —3C,,C4 — 2C4,

1. 0 0 011 00 (1)_12_03_02
0O -1 -1 -3|=(-2 1 0|4
0 1 1 3 1 0 1 00 10
N - 00 0 1
R; + R,,
1 0 0 0 1 0 0 (1)_12_03_02
0 -1 -1 —3=—210A0010
0 O 0 0 -3 1 1 00 0 1
C3 - CZ) C4- - 362;
1 0 00 [1 0 O (1)_12_1 43
0 -1 0 o0o|l=]1-2 1 o0/|l4A 00 _1 _0
0O 0 0 O -3 1 1 00 0 1
_R2,
1 0(0 0] [1 0 O (1)_12_1 43
0 1/0 0|=|l2 -1 0|4 00 _1 ?)
0 00 O -3 1 1 00 0 1
Now A is in Normal form .
Compare this w.r.t A=PAQ form,
1 0 0 01 1.3
~P=|2 -1 0 Q= il
3 1 1 00 1 0
B 00 0 1
. Rank of given matrix A is 2.




(c) Obtain the root of x> — x — 1 = 0 by Regula Falsi Method
(Take three iteration).
Ans : Equation: x3—x—-1=0
S f)=x3-x-1
f(0)=—-1<0 and f(1)=—-1<0and f(2)=5>0.
Root of given eqgn lies between 1 and 2.
(x0,¥0) =(1,-1) (x1,¥1) =(2,5)

x., = 20¥17X1Y0 _ 4 9949
2 Y1=Yo )

f(x;) =—-0.3871<0
Next iteration :
(x0, ¥o) = (1.2249,-0.3871)
(x1,y1) =(1.667,1.9654)

x, = 29Y17X1Y0 _4 5976
2 Y1=Yo )

f(xy) =—-0.1127 <0
Next iteration :

(x0, ¥0) = (1.2976,-0.1127)

(x1,y2)=(1.667,1.9654)

x, = 2017X1Yo _ 41 3176
2 Y1=Yo '

The root of given eqn after 3" iteration is 1.3176.

[8]




